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Quantum random walk finds application in efficient quantum algorithms as well as in quantum
network theory. Here we study the mixing time of a discrete quantum walk over a square lattice
in presence of percolation and decoherence. We consider bit-flip and phase damping noise, and
evaluate the instantaneous mixing time for both the cases. Using numerical analysis we show that
in the case of phase damping noise probability distribution of walker’s position is sufficiently close
to the uniform distribution after infinite time. However, during the action of bit-flip noise, even
after infinite time the total variational distance between the two probability distributions is large
enough.
PACS numbers:
I. INTRODUCTION
Quantum mechanics has puzzled the scientists since its
inception due to the counter-intuitive characteristics. Re-
cent experimental and theoretical developments in quan-
tum information and computation have revealed a lot of
important outcomes which highlight the advantages of
using quantum mechanical systems and resources in per-
forming various tasks. Different fascinating effects have
been uncovered which are strikingly different from their
classical counterparts, both from the physical point of
view as well as from a computer science and communica-
tion theory perspective. Quantum teleportation[1], dense
coding[2], state merging[3], quantum cryptography[4, 5],
quantum computation[6] etc are possible iff quantum
mechanical resources are available. In the classical world
neither any such phenomena will take place nor any such
task can be accomplished. So, in order to exploit the
quantum effects modern technologies are being developed
which in turn will enable us to make use of quantum re-
sources on a large scale.
In classical computer science random walks play a
vital role[7]. So it is plausible to think that the quan-
tum counterpart will be equally important in the study
of quantum computation, and infact, recent research
confirms that the notion of quantum random walk has
emerged as an important element in the development of
quantum algorithms[8, 9]. A lot of algorithms have been
developed using quantum walks, which display speed-ups
compared to their classical equivalents. One such algo-
rithm is the algorithm for element distinctness[10] where
quantum walks appear dramatically to make it the most
efficient.
There are two natural variants of basic model of
quantum random walk. One is the continuous model
and another one is the discrete model. The continuous
model was introduced by Childs et. al [11] and the dis-
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crete model by Aharonov et. al [12]. Though the discrete
and continous time quantum walks have different origin,
they can be precisely related to each other. The dy-
namics of quantum random walks have been analyzed for
example, on the line[13], circle[14], hyperlattice[15] and
hypercube[16] and the theoretical properties of quantum
walks on general graphs have been outlined in Ref.[17]
Some important properties of quantum random walk on
directed graphs have been provided in Ref.[18].
Ideally, quantum systems are taken to be isolated
from the environment and the evolution of such systems
are described by unitary evolution. But, in the real sce-
nario the quantum systems are susceptible to imperfec-
tions and interactions with their environment, due to
which decoherence takes place. Sufficient amount of de-
coherence can remove any potential benefits from quan-
tum dynamics. Therefore, for practical implementation
of quantum protocols in communication or computation
it is necessary to study the robustness of such walks in
presence of decoherence.
Decoherence is unarguably a nemesis of quantum in-
formation processing. However, in the context of quan-
tum walks it can infact be useful[19]. For example, deco-
herence can be used to force a quantum walk to move to-
wards a steady state distribution, which has been nicely
illustrated for hypercube[20], line[19] and N-cycles[21].
Elegant analysis has been done by Richter[22, 23] show-
ing the quantum speedups of classical mixing processes
under a restricted decoherence model. By examining the
discrete-time quantum walk on hypercube Marquezino
et. al [24] derived the limiting time-averaged distribution
in the coherent case. It has been also shown that the
walk approaches the uniform distribution in the decoher-
ent case and there is an optimal decoherence rate which
provides the fastest convergence[24]. Though the above
mentioned literatures show the effect of decoherence on
quantum walks, more study is undoubtedly necessary.
In this article we aim to investigate whether deco-
herence always forces the quantum walk to move towards
uniform distribution or not by analysing the mixing time.
For our purpose we consider discrete time quantum walk
on a square lattice and assume that the graph structure
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2changes randomly, i.e., the walk is taking place on a dy-
namical percolation graph. The walker is a qubit (two-
state quantum system) and the decohering noises are bit-
flip and phase damping noise. We find that in presence of
decoherence quantum walk does not always reach the uni-
form distribution. To be more specific, in case of phase
damping noise the probability distribution of walker’s po-
sition is sufficiently close to the uniform distribution after
infinite time, whereas, the walk can not reach the uniform
distribution under the action of bit-flip noise, even after
infinite time. The article is arranged as follows. In Sec
[II] we provide an overview of quantum random walk on
dynamical percolation graphs. The main results are pre-
sented in Sec[III]. Conclusion about our work is provided
in Sec[IV].
II. DISCRETE QUANTUM RANDOM WALK
ON DYNAMICAL PERCOLATION GRAPHS
A discrete-time quantum walk (DTQW) is modeled as
a particle consisting of a two-level coin (a qubit) existing
in the Hilbert space Hc and a position degree of freedom
existing in the Hilbert space Hp. The Hilbert space of
the quantum walk is therefore the tensor product of Hc
and Hp, i.e., H = Hc⊗Hp. The coin space Hc is spanned
by the basis states of the coin and the position space Hp
is spanned by the orthonormal basis vectors correspond-
ing to the vertices of the graph on which the quantum
walk occurs. The unitary operator that defines the time
evolution of DTQW and acts on the Hilbert space H is
given by
U = S · (C ⊗ I) (1)
where S, C, I denote shift operator, coin operator and
identity operator respectively. DTQW has been rigor-
ously studied for different graphs assuming that the un-
derlying graph does not change with time. However, the
underlying graph structure can be changed and it can be
done by keeping an edge with some probability, say, λ
or discarding it with probability 1 − λ. In graph theory
this type of structural change is termed as percolation.
If the graph changes randomly then the percolation is
termed as dynamical percolation. The unitary evolution
of the quantum walk is disturbed by dynamical perco-
lation, leading to a special type of open system causing
decoherence, which can be viewed also as a source of
noise.
From the definition of percolation it is clear that
different graph structures mean different edge configura-
tions and the time evolution of quantum walk on each
configuration is described by a unitary operator. The
unitary operator that describes the time evolution of a
quantum walk on a percolated graph for edge configura-
tion K is defined as
UK = SK · (C ⊗ I) (2)
where SK is the shift operator for the configuration K.
The dynamic percolation is introduced in this process
(quantum walk) by choosing different edge configurations
K at each step, and thus random application of different
unitary step operators. The state of the walker is best
described by density matrix. Now if we denote the prob-
ability of choosing a configuration K and corresponding
unitary step UK by piK then the time evolution of the
walker during the percolated quantum walk is given by
Φ(ρ) ≡
R∑
K=1
piKUKρU
†
K (3)
where Φ(·) is a completely positive trace preserving
(CPTP) map and R is the total number of edge con-
figurations. The shift operator SK for configuration K
depends on the graph structure. However, the coin oper-
ator C is independent of the graph structure, and it can
be expressed as a function of two angles α and β. The
coin operator looks like
C(α, β) =
(
ie−iαsinβ cosβ
cosβ ieiαsinβ
)
(4)
where ‘i’ has its usual meaning. Inserting α = pi2 and
β = pi4 we get the Hadamard operator.
Along with percolation if the walker (qubit) faces
Markovian noise then the time evolution of the qubit can
be given by
Φ(ρ) =
∑
K
piK{(1− p)UKρU†K + p
∑
m
UKMmρM†mU
†
K}
(5)
where Mm are the Kraus operators satisfying the condi-
tion
∑
m M
†
mMm = 1, and m is the Kraus rank. Here
p is the probability with which noise acts on the qubit.
Clearly, the above equation describes discrete-time quan-
tum walk on a dynamical percolation graph in presence
of external noise.
III. QUANTUM WALK OVER A SQUARE
LATTICE
We consider a discrete-time quantum walk over a
square lattice and assume that dynamic percolation is
occuring during the walk. Moreover, Markovian noise is
acting on the walker, which is a qubit here. We analyse
the evolution of the walker’s state and study the mixing
time by constructing zone basis.
The zone is a boundary starting from the nearest
neighour of any choice of vertex, increasing in size as we
move far from our chosen vertex. The number of vertex
or nodes which fall on a zone boundary depends on the
coordination number C. In case of square lattice one
have C = 4, for triangular lattice C = 6 and so on. In
case of square lattice, the largest boundary will contain
N
2 number of nodes, where N= total number of vertices
3in the lattice. Thus, for a square lattice number of nodes
on a zone boundary increases as a multiple of 4. To
construct zone basis we start from the origin and define
the basis vectors as
|Z0〉 = |0, 0〉
|Z1〉 = |0, 1〉+ |1, 0〉+ |0,−1〉+ |−1, 0〉
|Z2〉 = |2, 0〉+ |1, 1〉+ |0, 2〉+ |−1, 1〉
+ |−2, 0〉+ |−1,−1〉+ |0,−2〉+ |1,−1〉 (6)
and so on. The zone basis |ZM 〉 corresponding to the
boundary of the M th zone is a linear combination of 4M
no. of vertex states. Having defined the zone basis we
now find out the shift operators which control the ran-
dom walk. As we have considered square lattice, two shift
operators are needed to describe the walk. For Kth real-
ization of graph structure these two operators are given
by[25]
SxK =
∑
{x,y}
1∑
c=0
(
∑
{(X,y),(x,y)}∈κ
|c〉〈c|⊗|X, y〉〈x, y|
+
∑
{(X,y),(x,y)}/∈κ
(σx ⊗ I)|c〉〈c|⊗|x, y〉〈x, y|)
SyK =
∑
{x,y}
1∑
c=0
(
∑
{(x,Y ),(x,y)}∈κ
|c〉〈c|⊗|x, Y 〉〈x, y|
+
∑
{(x,Y ),(x,y)}/∈κ
(σx ⊗ I)|c〉〈c|⊗|x, y〉〈x, y|) (7)
where X = x ⊕ c and Y = y ⊕ c. The unitary op-
erator defined in Eq.(2) can, therefore, be written as
U
(x,y)
κ = {Syκ.(C(α,β) ⊗ I)}{Sxκ .(C(α,β) ⊗ I)}. The shift
operators determine the evolution of the walker’s posi-
tion with time. However, in case of an empty graph
the walker has no option to shift anywhere, only the
spin state will change. Therefore, for an empty graph
the resulting effect on the walker can be expressed as
ξκ=0(ρ) = (σxC(α,β) ⊗ I)2ρ{(σxC(α,β) ⊗ I)2}† where
K = 0 denotes empty graph realization. Thus by choos-
ing an empty graph one can easily discard vertex sys-
tem HN . If Markoian noise simultaneously affects walker
then operation on H2 will be [26, 27]
ξ0(ρ
c) = (1− p)(σxC(α,β))2ρc{(σxC(α,β))2}†
+ p
∑
l
(σxC(α,β))
2Klρ
cK†l {(σxC(α,β))2}† (8)
where, ρc ∈ L(H2), ξ0 : L(H2) → L(H2) is the mapping
and Kl are the Krauss operators satisfying the condition∑
l K
†
lKl = 1. The superscript c stands for coin state.
Since empty graph operation acts only on the spin state,
we can use it to construct the walker’s state after arbi-
trary iteration. For that purpose, we first need to find
out the position probabilities of the walker in different
zones. Starting from the origin the walker will traverse
the entire lattice through succesive iterations, and hence
we can define the position probabilities of the walker in
different zones as
P0 = Tr[(I ⊗ |Z0〉 〈Z0|)ρ]
P1 =
1
4Tr[(I ⊗ |Z1〉 〈Z1|)ρ]
P2 =
1
8Tr[(I ⊗ |Z2〉 〈Z2|)ρ]
...
PM =
1
4MTr[(I ⊗ |ZM 〉 〈ZM |)ρ] (9)
Using the above defined probability distribution we can
finally write the state of the walker when it reached M th
zone as
ρ = P0ξ
ne
0 (ρ
c
0)⊗ |Z0〉 〈Z0|
+
M∑
m=1
Pmρ
c
m ⊗ |Zm〉〈Zm| (10)
where, ρc1 = λξ
ne
0 (ρ
c
0) + (1 − λ)ξne−30 (ρc0), ρc2 =
λξne−30 (ρ
c
0) + (1 − λ)ξne−60 , ρcM = ξne−3m0 (ρc0) and P0 >
P1 > P2 > ......... > PM holds until the walker reaches
the uniform distribution. From the above equation it is
clear that the state of the walker depends explicitly on
the weight of edges λ ∈ [0, 1] but not on any specific re-
alization occuring randomly. The operation ξ0 acts only
on the coin space (qubit space) and changes the direc-
tion of the walk. The total number of effective iterations
which a qubit has undergone while being in a particular
zone is given by ne. In our case ne = 3m + n, where
m and n denotes zone and iteration number respectively,
0 ≤ m ≤M =
√
N
2 and 0 ≤ n ≤ 2 , N is the total number
of vertices in the lattice.
Now, depending on the different values of the perco-
lation parameter λ the graph structure changes in several
ways. For λ = 12 , edges will fall or break randomly, and
therefore, the walk will be fully unbiased if one chooses
Hadamard coin. When λ→ 0, the spreading of walk will
be much much slower. For λ = 1, there will be perfect
anti-correlation between spin states situated at two an-
tipodal points of any particular zone. When λ < 1 this
perfect anti-correlation is lost due to percolation. For
our purpose we choose the limit for the percolation pa-
rameter as 0 < λ ≤ 12 . The reason behind this choice is
that in this limit the walker can not find any large con-
nected path between two widely separated zones. There-
fore, upto two steps of iteration the walk will be bounded
between two consecutive zones.
In the next we will analyse the mixing time of the
quantum walk considering two types of noises: continu-
ous phase damping and bit-flip.
A. Percolation with continuous phase damping
noise
Let us consider that phase damping noise is acting con-
tinuously on the walker (qubit) and the noise parameter
4p = Γdepdt, where Γdep denotes dephasing rate. For con-
tinuous dephasing (1 − pdep)n = e−Γdept. Now, if we
choose the initial state of the walker as
ρc0 = {a |ψθ,φ〉 〈ψθ,φ|+ (1− a)
I2
2
} ⊗ |0, 0〉 〈0, 0| (11)
then the empty graph operation looks like
ξ0(ρ
c
0) =
1
2
(
1− acosθ asinθe−iφ(1− pdep)n
asinθeiφ(1− pdep)n 1 + acosθ
)
=
1
2
(
1− acosθ asinθe−iφe−Γdept
asinθeiφe−Γdept 1 + acosθ
)
Therefore, the state of the walker will be
ρdep(t) = P0ξ
ne
0 (ρ
c
0)⊗ |Z0〉 〈Z0|
+ P1ρ
c
1 ⊗ |Z1〉 〈Z1|
+ P2ρ
c
2 ⊗ |Z2〉 〈Z2|
+ ..........
+ PMρ
c
n ⊗ |ZM 〉 〈ZM |
(12)
where, ρc1 = λξ
ne
0 (ρ
c
0) + (1 − λ)ξne−30 (ρc0), ρc2 =
λξne−30 (ρ
c
0)+(1−λ)ξne−60 , ρcM = ξne−3m0 (ρc0). The condi-
tion Tr[ρdep] = 1 implies that the walk is bounded within
M th zone.
For an N vertex lattice, the trace norm between
ρdep(t) and the final asymptotic state ρdep(∞)[28] is given
by
D[ρdep(t), ρdep(∞)] = 1
2
||ρdep(t)− ρdep(∞)||1 (13)
If we define, ρc(t) = Trp[ρ(t)] then it can be shown that
D[ρdep(t), ρdep(∞)] ≥ D[ρcdep(t), ρcdep(∞)] (14)
Thus for an N vertex square lattice, trace norm can be
calculated as
2D[ρcdep(t), ρ
c
dep(∞) ≤ ||P0ξne0 (ρc0)−
I2
2N
||1
+ 4||P1ξne−30 (ρc0)−
I2
2N
||1
+ 8||P2ξne−60 (ρc0)−
I2
2N
||1
+ ........
+ 4M ||PMξne−3M0 (ρc0)−
I2
2N
||1
(15)
Due to percolation and the dephasing noise the coin state
will become maximally mixed for ne = (3m + n) → ∞.
Now, position probability distributions of the walker at
each zone will be nearly equal at mixing time (t ' tmix <
∞). To study the asymptotic behaviour we choose N '
O(104) or higher. For t ' tmix one can say
|P0(t)− Pu| ' |P1(t)− Pu|
' |P2(t)− Pu|
' ............
' |PM (t)− Pu| ' δdep
where, Pu =
1
(N2 )
is the uniform distribution of the pos-
tion of the walker inside (M ×M) sublattice. Choosing
larger and larger lattice will also increase the size of this
sublattice and thus we can cover a larger set. Therefore,
for t ' tmix we can write
P0(t) ' P1(t) ' P2(t) ' ... ' PM (t) ' (δdep + 2
N
) (16)
Substituting the values of the probabilities from Eq.() in
Eq.() one gets for t = tmix,
2D[ρcdep(t), ρ
c
dep(∞)] ≤ ||(δdep +
2
N
)ξne0 (ρ
c
0)−
I
2N
||1
+4||(δdep + 2
N
)ξne−30 (ρ
c
0)−
I
2N
||1 + ...
+4M ||(δdep + 2
N
)ξne−3M0 (ρ
c
0)−
I
2N
||1
(17)
By putting λ = 12 in the above equation we get
2D[ρdep(t), ρdep(∞)] ≤ δdep + 4MA+ 4
M−1∑
k=1
kB (18)
where, A = [δ2dep + a
2(δdep +
2
N )
2e−2Γdept]
1
2 , B = [δ2dep +
(δdep +
2
N )
2a2sin2θcos2φe−2Γdept]
1
2 . Now, by taking the
approximation a2(1 + 2Nδdep )
2e−2Γdept  1 and choosing
N  1 we get from straight forward calculation
D[ρcdep(t), ρ
c
dep(∞)] ≤
1
4
Nδdep + a
2MX + a2MY (19)
where X = δdep(1 +
2
Nδdep
)2e−2Γdept and Y = δdep(1 +
2
Nδdep
)2sin2θcos2φ{e−2(tmix+3)Γdep (1−e−3MΓdep )
(1−e−6Γdep ) . Now,
the coin state that we have considered has Bloch sphere
representation. Therefore, taking average over all possi-
ble coin states we have the average trace distance as
D[ρcdep(t), ρ
c
dep(∞)] =
1
4pi
∫∫
(θ,φ)
D(θ, φ)sinθdθdφ
=
1
4
Nδdep + a
2MX
×
{
1 +
f(M,Γdep)
3
}
(20)
where, f(M,Γdep) = e
−6Γdep (1−e−3MΓdep )
(1−e−6Γdep ) is a function
of the size of lattice and dephasing rate. Hence, we have
evaluated the trace norm nearly arround the mixing
time. Now, there comes a question. Using the noise rate
can we estimate trace norm for all t < tmix, such that
the trace norm can be written as
D[ρcdep(t), ρ
c
dep(∞)] = 〈D(t =∞)〉
+ 〈D[ρ(t = 0), ρ(N, t =∞)]〉 e−2Γdept
−〈D(∞)〉 e−2Γdept (21)
5FIG. 1: (Color on-line) Tunable dephasing rate for N ∼ 104
or higher order lattice size.
We choose δdep =
1
2N
√
N
as the closeness with
the uniform distribution Pu inside (M × M) sublat-
tice. Choosing δdep ' O(N− 32 ) makes the quantity
Mδdep
(
1 + 2Nδdep
)2
' O(1) and then we can write
a2
{
1 +
f(M,Γdep)
3
}
=
1
2
√
(1− 1
N
)2 + a2
and hence
f(M,Γdep) = 3

√
(1− 1N )2 + a2
2a2
− 1
 (22)
Therefore, for a fixed coin parameter a and fixed vertex
number N , we get a specific value of f(M,Γdep). Plot-
ting f(M,Γdep) vs. Γdep we can estimate those tunable
dephasing rates for which the following equation holds in
the range 0 ≤ t ≤ ∞:
D[ρcdep(t)), ρ
c
dep(∞)] =
1
4
√
N
{1− e−2tΓdep}
+
√(
1− 1N
)2
+ a2
2
× e−2tΓdept
(23)
From the above equation one can imply an interest-
ing phenomenon. Suppose the walker has passed several
zones without knowing how many different or similar re-
alizations has occured during its walk. If anyone is now
interested to know that the distance between walker’s
current state and its asymptotic state, then he must tune
at a particular dephasing rate keeping all other parame-
ter fixed. Tuning at that particular rate will enable him
to know trace norms at all previous times. From the
FIG. 2: (Color on-line) Time evolution of average trace dis-
tance (D(t, δ)) under continuous dephasing.
trace norm, one can estimate the mixing time in case of
Γdep → 0 as
tmix =
loge
D[ρcdep(t),ρcdep(∞)]− 14√N√
(1− 1
N
)2+a2
2 − 14√N

loge (1− 2Γdep) (24)
B. Percolation with continuous bit-flip noise
Now we analyse the mixing time of the quantum walk
by considering that bit-flip noise is acting on the qubit
continuously. The initial state of the walker is the same
as given in Eq.(). The empty graph operation in this case
will be
ξ0(ρ
c
0) =
1
2
(
1 + acosθe−Γbitt Aasinθ
Basinθ 1− acosθe−Γbitt
)
(25)
where A = cosφ − isinφe−Γbitt and B = cosφ +
isinφe−Γbitt Using the above equations and proceeding
similar to previous calculations we can find out the trace
norm D[ρcbit(t), ρ
c
bit(∞)] at t = tmix. For that we assume
|P0(t)− Pu| ' |P1(t)− Pu|
' ...................
' |PM (t)− Pu| ' δbit
(26)
Now, for φ = pi2 , the coin state will become maximally
mixed in the asymptotic limit. Therefore, by taking φ =
pi
2 and λ =
1
2 we get the average trace norm at t ' tmix
as
6FIG. 3: (Color on-line) Tunable bit flip rate for three different
lattice size.
D[ρcbit(t), ρ
c
bit(∞)] ≤
Nδbit
4
+
{
Mδbit
2
a2
(
1 +
1
Nδbit
)2}
×{3 + fbit(M,Γbit)} e−2Γbittmix
(27)
where fbit(M,Γbit) =
e−6Γbit(1+e−3Γbit)
2
(1−e−3MΓbit)
2(1−e−6Γbit) is a
function that depends on the noise rate as well as on
lattice size. Now, analytically one can calculate the trace
distance of initial and the asymptotic state as
D[ρcbit(t), ρ
c
bit(∞)] =
1
2
√{(
1− 1
N
)
+ acosθ
}2
+ a2
(28)
Using Simpson’s 13
rd
rule, one can numerically calculate
the average trace norm over θ ∈ [−pi, pi] which gives dif-
ferent values of it against different values of coin param-
eter a. The values are given in table 1.
〈
Dφ=pi2 [ρ (t = 0, θ) , ρ(N,∞)]
〉
a
0.75 1.0
0.71 0.9
0.67 0.8
0.63 0.7
0.59 0.6
0.56 0.5
FIG. 4: (Color on-line) Time evolution of average trace dis-
tance (D(t, δ)) under continuous bit flip channel.
Now, if we want to calculate the time evolution of
trace norm for 0 ≤ t ≤ ∞, analytically one can say that
D[ρcbit(t), ρ
c
bit(∞)] = D[ρcbit(t), ρcbit(∞)]
+D[ρcbit(t = 0), ρ
c
bit(∞)]e−2Γbitt
−D[ρcbit(t), ρcbit(∞)]e−2Γbitt
(29)
So, the exponentially converging form of trace norm to-
wards the asympotitc state is possible iff one can say that
1
2Mδbit
(
1 + 1Nδbit
)2
a2 {3 + fbit(M,Γbit)} =
D[ρcbit(t = 0), ρ
c
bit(∞)]−D[ρcbit(t), ρcbit(∞)]
The above equality will satisfy iff we choose δbit ' O
(
1
N
)
,
this value of δbit increases the separation from uniform
distribution over (M×M) sublattice. Putting the chosen
value of δbit in the above equation gives
9
4
√
N
a2 {3 + fbit(M,Γbit)}+ 1
4
= D[ρcbit(t = 0), ρ
c
bit(∞)]
Thus evolution of trace norm simply becomes
D[ρcbit(t), ρ
c
bit(∞)] =
1
4
(1− e−2Γbitt)
+D[ρcbit(t = 0), ρ
c
bit(∞)]e−2Γbitt
(30)
The above equation implies an exponential convergence
of trace norm towards a fixed number 0.25. So spreading
of walk inside the largest square sublattice remains very
far from the uniform distribution. Whereas under contin-
uous dephasing this spreading becomes more and more
close to the uniform distribution with increasing size of
7lattice. From the time evolution of trace norm one can
estimate roughly the mixing time tbitmix as
tbitmix '
loge
(
D[ρcbit(t),ρ
c
bit(∞)]− 14
D[ρcbit(t),ρ
c
bit(∞)]− 14
)
loge (1− 2Γbit) (31)
IV. CONCLUSION
In this paper we have studied quantum walk over a
square lattice in a scenario where dynamic percolation
is changing the graph structure randomly and Marko-
vian noise is acting continuously on the walker (qubit).
We have considered two types of noises, phase damp-
ing and bit-flip, and investigated the quantum walk by
constructing zone basis on the square lattice. The ini-
tial coin state chosen here is a generic qubit state. The
amount of mixedness included in the coin state has been
parametrized by the variable a. It is obvious that the
asymptotic state of the walker in C2⊗CN will be 122 ⊗ 1NN ,
which implies an uniform distribution. Our result recon-
firms the fact that quantum walk is faster than the clas-
sical one. Thus, for a→ 1 the exponential convergence of
the trace distance bewteen two probability distributions,
position of the walker at any instant of time and the uni-
form distribution, will be faster and for a → 0 it will
be slower. Thus, chosing the initial coin state from the
surface of the Bloch sphere makes the walk fastest even
in the presence of percolation. Moreover, it has been
shown that the exponential convergence of the trace dis-
tance bewteen the two probability distributions depends
on the rate(Γdep or Γbit) of Markovian noise. Under de-
phasing noise the probability distribution of walker’s po-
sition becomes close to the uniform distribution with the
closeness factor δdep ≡ O(N− 32 ). Whereas, in case of bit
flip noise the closeness parameter δbit ≡ O(N 1n ) implies
that bit flip noise resists the walk to spread uniformly.
Finally, this work can be extended for higher dimensions
with multiple walker.
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